Abstract. In this paper we study the one-sided Hausdorff approximation of the Heaviside step function by a families of Unit-Logistic (UL), Unit-Weibull (UW) and Topp-Leone (TL) cumulative sigmoids. The estimates of the value of the best Hausdorff approximation obtained in this article can be used in practice as one possible additional criterion in "saturation" study. Numerical examples are presented using CAS MATHEMATICA.
Introduction
In [1] the authors introduced a new probability distribution with support on (0, 1) and named the distribution as Unit-Logistic Distribution (ULD).
In [2] the authors introduced an alternative parametrization, where one parameter is the median.
The corresponding cumulative distribution function is written as [3] :
where 0 ≤ t ≤ 1 and 0 ≤ µ ≤ 1 is the median. In [4] the authors introduced a new probability distribution with support on (0, 1) and named the distribution as Unit-Weibull Distribution (UWD). The corresponding cumulative distribution function is written as:
where 0 ≤ t ≤ 1 and α, β > 0. The Topp-Leone (TL) distribution was originally proposed by Topp and Leone (1955) [17] as an alternative to beta distribution and it has been applied for some failure data. The corresponding cumulative distribution function is written as:
where 0 ≤ t ≤ 1 and α > 0. Such cumulative probability distributions can be used with success in approximating parameterized data in the field of "virus-theory", insurance mathematic and population dynamics.
Main Results
In this Section we study the Hausdorff approximation [5] of the Heaviside step function by families of the Unit-Logistic (UL), Unit-Weibull (UW) and Topp-Leone (TL) cumulative sigmoids.
2.1 A note on the Unit-Logistic cumulative sigmoid
. The Hausdorff distance d between the function
and the sigmoid (1) satisfies the relation
The following theorem gives upper and lower bounds for d.
For the Hausdorff distance d between h µ (t) and the sigmoid (1) the following inequalities hold for q > e 1.05
:
Proof. Let us examine the function: From F (d) > 0 we conclude that function F is increasing. Consider the function
From Taylor expansion we obtain Fig. 1 ).
This completes the proof of the theorem.
Numerical examples
The model (1) for µ = 0.5; β = 2 is visualized on Fig. 2 . From the nonlinear equation (4) From the graphics it can be seen that the "saturation" is faster. Some computational examples using relations (3) are presented in Table 1 . The last column of Table 1 contains the values of d computed by solving the nonlinear equation (3). From Table 1 , it can be seen that the right estimates for the value of the best Hausdorff distance are precise.
We examine the experimental (parameterized) data (Biomass for Xantobacter autotrophycum with electric field). The appropriate fitting of the data by the model (1) with µ = 0.5 and β = 2.0854 is visualized on Fig. 5 . 
A note on the Unit-Weibull cumulative sigmoid
We study the Hausdorff approximation of the shifted Heaviside step function h t 0 (t) by the family (2) . Let
Evidently, M 1 (t 0 ) = 1 2 . The one-sided Hausdorff distance d between the function h t 0 (t) and the sigmoid (2) satisfies the relation
For the one-sided Hausdorff distance d between h t 0 (t) and the sigmoid (2) the following inequalities hold for q > e 1.05
:
Proof. Let us examine the function:
and
The proof follows the ideas given in this paper. We note that from Taylor expansion we obtain Fig. 6 ).
Further, for q > e 
A note on the Topp-Leone cumulative sigmoid
We study the Hausdorff approximation of the shifted Heaviside step function h t 0 (t) by the family (3). Let t 0 ∈ (0, 1) is the solution of the nonlinear equation
i.e. M 2 (t 0 ) = The one-sided Hausdorff distance d between the function h t 0 (t) and the sigmoid (3) satisfies the relation
The following theorem gives upper and lower bounds for d. 
:
The proof follows the ideas given in this paper and will be omitted. The model (3) for α = 5 is visualized on Fig. 8 . From the nonlinear equation (16) and inequalities (18) For some approximation, computational and modelling aspects, see [6] - [13] , [18] - [27] .
The results obtained in this paper can be used when controlling growth in Software Reliability Models, see [15] - [16] .
